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2 ࣓ͷઢੵ

2.1 ଟมؔͷඍ

ɹ y xͷʹΑܾͬͯ·Δؔ y = f(x)ɺ(x, y)ͷೋมؔʹ͑ݟ·͕͢ɺxಠཱมͱ yैଐม

ͱݴΘΕɺछྨͷҟͳΔมͰ͢ɻ͢ͳΘͪɺy = f(x) ̍ͭͷಠཱมʹΑͬͯ̍ͭͷैଐมͷ͕

ܾఆ͢ΔؔͰɺ͜ͷΑ͏ͳؔਖ਼֬ʹҰมؔ y = f(x)ͱ͍ݴ·͢ɻ

ɹ࣍ʹɺx, yͷʹΑܾͬͯ·Δؔ z = γ (x, y)ɺx, yಠཱมɼ z͕ैଐมͰ͋Γɺ͜ͷΑ͏ͳؔ

Λೋมؔ z = γ (x, y)ͱ͍ݴ·͢ɻ͜ͷ߹ɺಠཱม x, yฏ໘࠲ඪ্ͷҐஔ (x, y)Ͱɺม zࡾ

ඪͷ࠲ݩ࣍ z࣠ͷͱׂͯ͠ΓͯΒΕΔ͜ͱଟ͍Ͱ͕͢ɺͦΕ΄ΜͷҰྫͰ͢ͷͰɺఆٛ͞ΕͨมΛ

ਖ਼֬ʹۛຯ͢Δश׳Λʹ͚ͭ·͠ΐ͏ɻ

ɹಠཱม͕̎ͭҎ্ͷؔΛҰൠʹଟมؔͱݺͼ·͢ɻ

ɹͯ͞ɺҰมؔ y = f(x)ͷඍখ۠ؒͰͷมԽͷׂ߹Λද͢ඍؔɺಠཱม xͷ͚̍ͭͩͳͷͰɺ

dy

dx
= lim

!x→0
=

f(x+!x)

!x
, (20)

ͱҰٛతʹ༩͑ΒΕ·͢ɻ

ɹͰɺଟมؔͷ߹ͲͷΑ͏ʹఆٛ͞Ε͍ͯ͘ͷ͔Λɺೋมؔ z = γ(x, y)Λྫʹͱͬͯઆ໌͠

·͢ɻͳ͓ɺ͜ͷ෦ɺhttps://mathematical.jp/black_scholes/total_differential.htmlΛߟࢀ

ʹ͠·ͨ͠ͷͰʢਂँʣɺΘ͔Βͳ͚Ε ͦͪΒΛӾཡ͍ͩ͘͞ɻ

ɹ͜ͷ߹ɺಠཱม x, yͷͲͪΒΛඍগྔಈ͔͔͢ʹΑΓɺͭ·Γ ม͝ͱʹ z = γ(x, y)ͷมԽྔ͕ҟͳ

Δ͜ͱ༰қʹ૾͕ͭ͘͜ͱͰ͠ΐ͏ɻ͜ͷͨΊɺଟมؔͷඍؔҰมؔ y = f(x)ͷΑ͏ʹ

ҰٛతʹܾఆͰ͖·ͤΜɻ͜ͷͨΊɺҎԼʹॻ͖ग़ͨ̏ͭ͠ͷඍྔ

(Ұ) xΛඍྔมԽͤͨ࣌͞ʹಘΒΕΔ z = γ (x, y)ͷมԽྔͷׂ߹Λ xͷภඍ
δγ (x, y)

δx

(ೋ) yΛඍྔมԽͤͨ࣌͞ʹಘΒΕΔ z = γ (x, y)ͷมԽྔͷׂ߹Λ yͷภඍ
δγ (x, y)

δy

(ࡾ) x, yΛಉ࣌ʹඍྔมԽͤͨ࣌͞ʹಘΒΕΔ z = γ (x, y)ͷมԽྔΛશඍ!γ (x, y)

Λఆٛ͠·͢ɻ͜Ε͕ଟมؔͷඍྔͷૅجͱͳΓ·͢ɻ

ɹલड़ͨ͠௨ΓɺଟมؔͷैଐมʢಠཱมʹΑͬͯฦ͞ΕΔʣ͕ԿΛ༩͑Δͷ͔ɺͦͷؔΛ࡞

Δ༻్ʹΑ༷ͬͯʑͰ͢ɻ·ͨɺಠཱม͕ (x, y)ͷ߹Λ͍ͯ͑ߟ·͕ͨ͠ɺͪΖΜɺ࠲ۂඪ (r, θ)ͷͰ

͍ߏ·ͤΜɻ

ɹ͜͜Ͱɺೋݩ࣍ดۂઢ Γ = (xγ , yγ)Λ͑ߟ·͠ΐ͏ɻม xγ , yγ  ඪ࠲ۂ ( rγ , θγ)Λಠཱมͱܾͯ͠ఆ

͞ΕΔैଐมͱ͠ɺxγ = (rγ , θγ), yγ = (rγ , θγ)ͱ༩͑ΒΕΔͱ͠·͢ɻ͜͜Ͱɺ

xγ (rγ , θγ) = rγ cos θγ , (21)

yγ (rγ , θγ) = rγ sin θγ , (22)
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ͱ༩͑ΒΕΔͱ͠·͢ɻ

͜ͷ࣌ɺxγ (r, θ)ؔͷ (Ұ)ʙ(ࡾ)ͷඍྔɺͦΕͧΕɺ

δxγ (rγ , θγ)

δr
= cos θγ , (23)

δxγ (rγ , θγ)

δθ
= − rγ sin θγ , (24)

dxγ =
δxγ (rγ , θγ)

δr
rγ +

δxγ (r, θ)

δ θγ
d θγ = cos θγd rγ − r sin θγd θγ , (25)

ͱͳΓ·͢ɻ

ɹಉ༷ʹɺyγ ؔʹ͍ͭͯ (Ұ)ʙ(ࡾ)ͷඍྔɺͦΕͧΕɺ

δyγ (rγ , θγ)

δ rγ
= sin θγ , (26)

δyγ (rγ , θγ)

δ θγ
= rγ cos θγ , (27)

dyγ =
δyγ (r, θ)

δr
d rγ +

δyγ (rγ , θγ)

δ θγ
d θγ = sin θγdr + rγ cos θγd θγ , (28)

ͱͳΓ·͢ɻ

͜ͷดۂઢ Γ্ͷ
(
xγ (rγ , θγ) , yγ (rγ , θγ)

)
ʙ

(
xγ (rγ , θγ) + dxγ , yγ (rγ , θγ) + dyγ

)
ͷઢૉʢઢʣϕΫ

τϧ dsγ ɺࣜ (25)ͱࣜ (28)ΑΓɺ

dsγ = (dxγ , dyγ) = (cos θγd rγ − rγ sin θγd θγ , sin θγd rγ + rγ cos θγd θγ). (29)

͜ͷดۂઢ Γ্ͷ
(
xγ (rγ , θγ), yγ (rγ , θγ)

)
ͷઢͷ͖

dyγ (rγ , θγ)

dxγ (rγ , θγ)
ɺ

dyγ (rγ , θγ)

dxγ (rγ , θγ)
=

sin θγd rγ + rγ cos θγd θγ
cos θγd rγ − rγ sin θγd θγ

, (30)

ͱͳΓ·͢ɻ

2.2 ϕΫτϧͷઢ

2.2.1 ઢੵͱઢૉϕΫτϧ

ɹ xyฏ໘্ʹϕΫτϧB = B (x, y)ͱۂઢ C͕͋Γ·͢ɻۂઢ CΛ nׂͯ͠Ͱ͖ͨۂઢ Cͷ k൪ͷ

۠ؒͷઢϕΫτϧ!sk ͱϕΫτϧB(xk, yk)ͷੵΛશͯͷ۠ؒͰ͠߹Θͤ·͢ɻ͞Βʹ n → ∞ͱ͠

ͨੵɺ

lim
n→∞

n∑

k=1

B(xk, yk) ·!sk =

∫

C
B (x, y) · ds, (31)

ͱهड़Ͱ͖·͢ɻ͜ͷੵɺϕΫτϧB ͷۂઢCʹԊ͏ઢੵ͘͠ܦ࿏ੵͱݺΕ·͢ɻͳ͓ɺ

!sk ΛઢϕΫτϧͱද͠ݱ·͕ͨ͠ɺੵه߸Ͱݶۃతͳඍখ۠ؒΛҙຯ͢Δ dsͱ͠·ͨ͠ɻdsΛۂ

ઢ CͷઢૉϕΫτϧͱݺͼ·͢ɻ

ʲྫ̐ʳ! "
ɹϕΫτϧʹΑͬͯ༩͑ΒΕΔྔ͕ ͋Δମʹ͔͔ΔྗͰ͋ͬͨ߹ɺ͜ͷϕΫτϧͷۂઢ CʹԊ
͏ઢੵ͕ද͢ཧྔԿͰ͔͢ɻ# $

ʢղʣྗʷڑࣄͱͳΔͷͰɺ͜ͷϕΫτϧͷதͰ͜ͷମΛۂઢ CʹԊͬͯ४੩తʹಈ͔ͨ͠߹ʹ
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ඞཁͳࣄͱͳΓ·͢ɻ

2.2.2 ϕΫτϧͷดۂઢੵ

ɹۂʹ࣍ઢC͕ Fig. 7ͷΑ͏ͳ࿈ଓͳดۂઢ ΓͰ༩͑ΒΕΔ࣌ɺ͜ΕʹԊ͏ϕΫτϧBͷઢʢܦ࿏ʣੵ

ʢ= KʣΛ͠ࢉܭ·͢ɻดۂઢͷੵʢਐߦʣํࢴ໘ཪ͔Βද͖͏͔ʹରͯ͠ӈͶ͡ͷํͱ͠·

͢ɻดۂઢ Γ্ͷ͋Δ rγ = (xγ (r, θ), yγ (r, θ) )ͰͷઢૉϕΫτϧΛ dsγɼϕΫτϧΛBγ = (Bxγ , Byγ )

ͱ͠ه·͢ɻɹҎ্ΑΓɺ

K =

∮

Γ
Bγ · dsγ (32)

͜͜ͰɺઢૉϕΫτϧΛ༩͑Δࣜ (29)Λͯͬɺ

K =

∮

Γ
(Bxγ , Byγ ) · (cos θdr − r sin θdθ , sin θdr + r cos θdθ) (33)

=

∮

Γ

{
(Bxγ cos θ +Byγ sin θ)dr − r(Bxγ sin θ −Byγ cos θ)dθ

}
(34)

=

∮

Γ
(Bxγ cos θ +Byγ sin θ)dr −

∮

Γ
r(Bxγ sin θ −Byγ cos θ)dθ (35)

ͱ༩͑ΒΕɺ࠲ۂඪΛ༻͍Δ͜ͱʹΑΓɺดۂઢੵ͕ಈํܘ rͱ֯ํ θͷมੵʹׂͯ͠ࢉܭͰ

Figure 7: ดۂઢ Γͱݪ

͖Δ͜ͱ͕Θ͔Γ·͢ɻ
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͠ɺݪΛดۂઢϵʹઃఆ ͨ͠ͳΒʢFig. 7 Bʣɺࣜ (35)ʹΑΓϕΫτϧͷดۂઢ ΓʹԊͬͨੵ

͕ࢉܭͰ͖·͢ɻ

ɹ·ͨɺ ઢۂΛดݪ Γ֎ʹઃఆ ͨ͠ͳΒʢFig. 7 Cʣɺ֯ θͷॏෳΛճආ͢ΔͨΊʹɺFig. 7(C)

ઢۂΑ͏ʹɺดͨ͠هʹ ΓΛɺ

ɾʮ࠷খ֯ θmin ͷҐஔ rminʯͱʮ࠷େ֯ θmax ͷҐஔ rmaxʯͰׂ

ɾҐஔ rmin ͔Β rmax ͷ෦Λۂઢ Γ1

ɾҐஔ rmax ͔ΒҐஔ rmin ͷ෦Λۂઢ Γ2

ͱ͠·͢ɻҎ্Λࣜ (32)ʹͯΊΔͱɺ

K =

∮

Γ
Bγ · dsγ =

∫

Γ1

Bγ · dsγ +
∫

Γ2

Bγ · dsγ , (36)

͞Βʹɺࣜ (35)ʹͯΊΔͨΊʹɺੵ۠ؒΛ͠ߟ·͢ɻ

rmin ͱ rmax ɺɹ
{

rmin = (rmin, θmin)
rmax = (rmax, θmax)

ͱ࠲ۂඪද͕ࣔͰ͖ΔͷͰࣜ (35)ɺ

K =

∫ rmax

rmin on Γ1

(Bxγ cos θ +Byγ sin θ)dr +

∫ rmin

rmax on Γ2

(Bxγ cos θ +Byγ sin θ)dr

−
{∫ θmax

θmin on Γ1

r(Bxγ sin θ −Byγ cos θ)dθ +

∫ θmin

θmax on Γ2

r(Bxγ sin θ −Byγ cos θ)dθ
}
, (37)

ͱͳΓ·͢ɻͭ·Γɺࣜ (37)͕ดۂઢ Γͷ֎ʹݪ͕͋Δ߹ͷϕΫτϧͷดۂઢ ΓʹԊͬͨੵͷܭ

ͱͳΓ·͢ɻࣜࢉ

ʲྫ̑ʳ! "
ɹ Fig. 7 (B)ͱ (C)ʹ͓͍ͯɺz࣠ਖ਼ͷํʹઢఆৗిྲྀ I [A]ʢେ͖͞ I [A]ʣ͕ྲྀΕͨ߹ɺ͜ͷి
ྲྀͷ࡞Δ࣓ϕΫτϧBͷดۂઢ Γʢ࿈ଓͳดۂઢʣʹԊͬͨઢੵKΛ͍ͩͯ͘͞͠ࢉܭɻͦͯ͠ɺ
Ռ͔Βཧతͳड़Λ݁ࢉܭʹޙ࠷ #ɻ͍ͩͯ͘͞͠هఔͰࣈ500 $

ʢղʣ͜ͷఆৗిྲྀ I Fig. 7ͷݪͷࢴ໘ཪ͔Βදʹྲྀ͔ͯͬΕ͍ͯΔͱ͑ߟΒΕ·͢ɻ

ɹ͜ͷఆৗిྲྀ I͕࡞Δ࣓ϕΫτϧBɺʮఆৗిྲྀʹΑΔ࣓ No. 1ʯͷː 5-1ͷࣜ (88), (89)ΑΓɺ࠲ۂ

ඪදࣔͰදͤɺ

B(r, θ) =
µ0

2π

I

r
(− sin θ, cos θ, 0), (38)

ͱͳΓ·͢ɻ

ɹ Fig. 7 (B)ͷ߹ ࣜ (35)Λ༻͠ɺ(B)ͷ߹ ࣜ (37)Λ༻͠ɺ

Bxγ = −µ0

2π

I

r
sin θ, (39)

Byγ =
µ0

2π

I

r
cos θ, (40)

Λೖͯ͠ࢉܭΛ͍ߦ·͢ɻ

(B)ͷ߹

K =

∮

Γ
(−µ0

2π

I

r
sin θ cos θ +

µ0

2π

I

r
cos θ sin θ)dr −

∮

Γ
r(−µ0

2π

I

r
sin θ sin θ − µ0

2π

I

r
cos θ cos θ)dθ (41)

=

∮

Γ
0dr − µ0I

2π

∮

Γ
(− sin θ sin θ − cos θ cos θ)dθ =

µ0I

2π

∫ 2π

0
dθ = µ0I. (42)
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(C)ͷ߹

K =

∫ rmax

rmin on Γ1

(−µ0

2π

I

r
sin θ cos θ +

µ0

2π

I

r
cos θ sin θ)dr +

∫ rmin

rmax on Γ2

(−µ0

2π

I

r
sin θ cos θ +

µ0

2π

I

r
cos θ sin θ)dr

−
{∫ θmax

θmin on Γ1

r(−µ0

2π

I

r
sin θ sin θ − µ0

2π

I

r
cos θ cos θ)dθ +

∫ θmin

θmax on Γ2

r(−µ0

2π

I

r
sin θ sin θ − µ0

2π

I

r
cos θ cos θ)dθ

}

=

∫ rmax

rmin on Γ1

0 dr +

∫ rmin

rmax on Γ2

0 dr +

∫ θmax

θmin on Γ1

µ0I

2π
dθ +

∫ θmin

θmax on Γ2

µ0I

2π
dθdθ

=
µ0I

2π

(
[θ]θmax

θmin on Γ1
+ [θ]θmin

θmax on Γ2

)
=

µ0I

2π

(
θmax − θmin + θmin − θmax

)
= 0 . (43)

ड़ճ

ɹ (B)ͱ (C)ʹڞ௨ͯ͑͠ݴΔ͜ͱɺดۂઢ Γఆৗిྲྀʹਨͳ໘ʹ͋Δҙͷ࿈ଓͳดۂઢͱ͍͏ઃ

ఆΏ͑ɺดۂઢͷܗʹґଘ͠ͳ͍͜ͱ͕Θ͔Γ·͢ɻ

ɹ (B)ͷ߹ดۂઢΓΛిྲྀ͕ྲྀΕ͍ͯΔ߹Ͱ͢ɻ͜ͷࢉग़ͰిྲྀΛݪʹઃஔ͠·ͨ͠ɻ͠ดۂઢΓ

Λ 2ຊͷఆৗిྲྀ I1, I2͕ྲྀΕ͍ͯΔͳΒɺดۂઢ ΓΛ্ͷʹ͓͚Δ࣓ϕΫτϧͦΕͧΕͷిྲྀ

ઢੵۂઢΓʹԊ֤࣓ͬͨͷดۂͱͯ͠ดݪΔͦΕͷʹͳΓ·͢ɻ͕ͨͬͯ͠ɺͦΕͧΕͷిྲྀΛ࡞͕

ΛٻΊɺ୯७ʹΛऔΕྑ͍͜ͱʹͳΓ·͢ɻͭ·Γɺ͜ͷ 2ຊͷఆৗిྲྀ͕࡞Δ࣓ͷดۂઢΓʹԊͬͨઢ

ੵµ0(I1+I2)ͱͳΓ·͢ɻ͜ͷٞΛ͛Εɺฏ໘্ʹ͋Δҙͷดۂઢ ΓͷଆΛਨʹఆৗిྲྀ

I1, I2, · · · , In ͕ྲྀΕͨ߹ɺશͯͷిྲྀʹΑͬͯ࡞ΒΕΔ࣓ͷดۂઢ ΓʹԊ͏ઢੵ µ0
∑n

k=1 Ik

ͱͳΓ·͢ɻ

ɹ (C)ͷ߹ɺ(B)ͷٞͷԆͰ ดۂઢΛਨʹఆৗిྲྀ͕؏͍͍ͯͳ͍ͷͰɺͨͱ͑ดۂઢ Γ্Ͱ࣓

Λ؍ଌͨ͠ͱͯ͠ɺดۂઢ ΓʹԊ͏ઢੵ̌ʹͳΔ͜ͱΛ͍ࣔͯ͠·͢ɻ

! "
ʢิʣ֯ͬͨดۂઢʢਖ਼ํܗʣΒ͔ͱ͑ݴ·ͤΜ͕ɺ࿈ଓͰ͋Γ·͢ɻͭ·Γɺ࿈ଓͳด
ࠓҟͳΓ·͢ɻ͔͠͠ɺ͍֯ͬͯΑ͏ͱؙΈΛଳͼ͍ͯΑ͏ͱɺʹີݫઢۂΒ͔ͳดઢͱۂ
ճͷ࣓ͷดۂઢੵʹؔͯ͠ɺͳΜΒҟͳΔ݁Ռ͋Γ·ͤΜɻ
ɹ͔͠͠ɺੵܦ࿏ʹిྲྀ͕௨͍ͬͯͨ߹ɺͦͷੵܦ࿏࿈ଓͱ͑ݴͳ͘ͳΓ·͢ɻిྲྀ͕௨ͬͯ
͍Δॴͱͦ͏Ͱͳ͍ॴɺҟͳΔۭؒͱ͑ߟΔ͜ͱ͕ඞཁ͔ͩΒͰ͢ɻ
ʮۭ͕ؒ࿈ଓͰ͋ΔʯͱʮΒ͔ͳดۂઢʯʮ࿈ଓͳดۂઢʯຊ࣭తʹҟͳΔ͜ͱΛ֬ೝͯͩ͘͠
͍͞ɻ# $
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3 ඍখఆৗిྲྀ͕࡞Δ࣓ͷಛ

ɹ͜ͷςΩετɺ͋͘·Ͱఆৗిྲྀ͕࡞Δ੩࣓ʹ͍ͭͯٞΛ͠·͢ɻ੩࣓ͷޙ࠷ͷ͜ͷষ ͜Ε

·Ͱͷ૯ׅΛؚΈ ͳ͓͔ͭ มಈ͢Δి࣓ͷֻ͔Γͱͯ͠ͱͯେͰؒ࣌ଟ͘ͳΓ·͕ͨ͠ɺࢉܭ

͢ͷͰɺ͔ͬ͠Γͱࢉܭաఔ͍͍ͬͯͬͯͩ͘͞ɻ࣍ͷςΩετ͔Βɺ͍Α͍Α ʹมಈ͕͋Δిྲྀؒ࣌

ΑΔ࣓ʹ͍ͭͯٞΛਐΊΔ༧ఆͰ͢ɻ

3.1 Ξϯϖʔϧͷ๏ଇͷಋग़

ඍখిྲྀ͕࡞Δ࣓ͷดۂઢੵ

3.2 ࣓ͷ༙͖ग़͠ݯ

ඍখిྲྀ͕࡞Δ࣓ͷൃࢄ

4 ϩʔϨϯπྗ

4.1 ిྲྀ͔Βిՙͷهड़ʀϩʔϨϯπྗ

4.2 ʢίϥϜʣ࣓ՙͱిՙ
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